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Strong, electromagnetic, weak forces and gravity are conjectured to be unified into a single entity,
square root metric. We use the square root metric described by l = u¯iγ
auje
†
jeiθa to construct a U(4)
gauge invariant, locally O(4) invariant and generally covariant equation tr∇l = 0 which describes
U(4) non-abelian gauge theory in curved space-time. We also construct a equation tr∇2l2 = 0 which
describes gravity. The particle’s spectrum on this geometry is analyzed.
INTRODUCTION
Einstein’s geometry theory of gravity tells us that the
gravitational field is originated from nontrivial metric of
space-time. The Standard Model of Particle Physics [1–6]
is a Non-Abelian gauge theory [7, 8] which has good cor-
respondence with G-bundle [9]. If we can find a geometry
structure equipped with nontrivial metric and G-bundle
at the same time, we will find a geometry structure which
might describe gravity and Non-Abelian gauge theory
in a unified framework. But how to find this geometry
structure naturally and give fermionic fields, gauge fields,
gravitational field, scalar field intrinsic geometry inter-
pretation? Inspired by Dirac’s way of finding his equa-
tion and spinors through making square root of Klein-
Gordon equation, we suggest making the “square root” of
the 4 dimensional Riemannian manifold,which described
by metric. This idea is similar with the ideas in arti-
cles [10–12]. The “square root” of 4 dimensional Rie-
mannian manifold has extra U(4)-bundle structure than
4 dimensional Riemannian manifold. Based on square
root metric, a U(4) non-abelian gauge theory in curved
space-time is constructed. This theory has good corre-
spondence with Standard Model of Particle Physics ex-
cept the Higgs field. We believe this theory is a minimal
effective field theory unify 4 fundamental forces and light
up the way to ultimate theory of Nature.
In this paper, geometry framework of square root met-
ric is given; two Lagrangians are constructed which de-
scribe U(4) non-abelian gauge theory in curved space-
time and gravity, respectively; the particles spectrum of
this geometry is discussed; new physics on this minimal
unified field theory are pointed out at last.
The notations are introduced here. a, b, c, d repre-
sent frame indices, and a, b, c, d = 0, 1, 2, 3. µ, ν, ρ, σ
represent coordinates indices, and µ, ν, ρ, σ = 0, 1, 2, 3.
α, β, γ, τ represent group indices, and α = 0, 1, · · · , 15,
β = 1, 2, · · · , 8, γ = 9, 11, 13, τ = 10, 12, 14. i, j, k, l,m =
1, 2, 3, 4. Repeated indices are summed by default.
GEOMETRY AND LAGRANGIAN
The Riemannian manifold is described by metric
g(x) = −gµν(x)dxµ ⊗ dxν , (1)
gµν(x) = gνµ(x), det(gµν(x)) > 0, (2)
where {x|x = (xµ) = (t, ~x)} = (x0, xξ)} is 4 dimen-
sional topological space and ξ = 1, 2, 3. Here we dis-
cuss 4 dimensional Riemannian manifold with signature
(−,−,−,−). And it can be described by orthonormal
frame formalism as
g−1(x) = −Iabθa(x)θb(x). (3)
where Iab = diag(1, 1, 1, 1) and θa(x) = θ
µ
a (x)
∂
∂xµ are
orthonormal frames and describe gravitational field.
The definition of gamma matrices is
γaγb + γbγa = 2ηabI4×4. (4)
where ηab = diag(1,−1,−1,−1). The Hermiticity condi-
tions for gamma matrices are
γaγb† + γb†γa = 2IabI4×4. (5)
We define
l(x) = iγ0ikγ
a
kj(x)e
†
j ⊗ eiθa(x), (6)
where tr(e†j ⊗ ei) = eie†j = δij and γaθa = γ0θ0 + γξθξ.
After using γ0γa†γ0 = γa, we find that
g−1(x) =
1
4
tr[l(x)l(x)]. (7)
Then l(x) is the square root of metric (3) in some sense.
The freedom in γaij(x) can be showed as
γ0ikγ
a′
kj(x) = u
†
ik(x)γ
0
klγ
a
lmumj(x) = u¯i(x)γ
auj(x), (8)
where u¯i(x) = u
†
i (x)γ
0, u ∈ U(4). So, we define
l(x) = iu¯i(x)γ
auj(x)e
†
j ⊗ eiθa(x). (9)
Direct calculation show that the definition (9) satisfy (7)
and l†(x) = −l(x).
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2Coefficients of affine connections on coordinates, co-
efficients of spin connections on orthonormal frame [13]
and gauge fields on U(4)-bundle are defined as follows
∇µ∂ν = Γρνµ(x)∂ρ, (10a)
∇µθa(x) = Γbaµ(x)θb(x), (10b)
∇µe†i = Aµij(x)e†j . (10c)
Γbaµ(x)θ
ρ
b (x) = ∂µθ
ρ
a(x) + θ
ν
a(x)Γ
ρ
νµ(x) is found and
A∗µij(x) = −Aµij(x). The gauge field Aµij(x) can be
decomposed to the sum of generators of U(4) group
Aµij(x) = iA
α
µ(x)T αij , (11)
where α = 0, 1, 2, · · · , 15 and Aα∗µ = Aαµ . The unique-
ness of definition of gauge fields is originated from re-
strictions (4) and (5). A equation satisfy U(4) gauge
invariant, locally O(4) invariant and generally covariant
is constructed
tr∇l(x) = 0. (12)
Eliminate index x, the explicit formula of equation (12)
is
[
(i∂µu¯i +A
α
µT αij u¯j)γaui + u¯iγa(i∂µui − ujAαµT αji ) + iu¯iγbuiΓabµ
]
θµa = 0. (13)
We define a Lagrangian
L = u¯iγa(i∂µui − ujAαµT αji )θµa +
i
2
u¯iγ
buiΓ
a
bµθ
µ
a , (14)
and one find that Lagrangian (14) have relation with (12)
tr∇l(x) = L − L†. (15)
If equation (12) being satisfied, Lagrangian (14) is Her-
mite
L = L†. (16)
The equation of motion for Lagrangian (14) are
γa(i∂µui − ujAαµT αji )θµa +
i
2
γauiΓ
b
aµθ
µ
b = 0, (17)
and this equation’s conjugate transpose. We call equa-
tion (17) fundamental equation. We point out that (13) is
density matrix version of (17) and can derive each other.
Then, we find a Lagrangian (14) describe U(4) Yang-
Mills theory in curved space-time. Here gravitational
field is all other fields (except scalar field) dynamic back-
ground here which satisfies the characteristic of gravita-
tional field in our real world.
Lagrangian (14) is U(4) gauge invariant, locally O(4)
invariant and generally covariant. So, Lagrangian (14) is
demanded invariant under the transformations
u′i = ujUji, γ
a′ = γbΛ ab , θ
′µ
a = Λ
b
a θ
µ
b , (18)
where U,U† ∈ U(4), Λ ba ∈ O(4), Λ µν ∈ Gl(4,R). Then,
the transformation rules have to be derived as follows
A′µij = U
∗
kiAµklUlj − U∗ki∂µUkj , (19a)
Γ′baµ = Λ
c
a Γ
d
cµΛ
b
d − Λ ca ∂µΛ bc , (19b)
where U∗jiUjk = δik and Λ
b
a Λ
c
b = δ
c
a are used. Now,
we complete the proof of Lagrangian (14) is U(4) gauge
invariant, locally O(4) invariant and generally covariant.
Curvature tensor and gauge field strength tensor are
defined as follows
Rabµν = ∂µΓ
a
bν − ∂νΓabµ + ΓcbνΓacµ − ΓcbµΓacν , (20a)
Fµνij = ∂µAνij − ∂νAµij +AνikAµkj −AµikAνkj . (20b)
Here Rabµν = −Rbaµν if ∇g = 0 and F ∗µνij = −Fµνji.
Gauge field strength can be decomposed by U(4) gen-
erators Fµνij = iF
α
µνT αij . Define torsion T aνρ = 2Γa[νρ],
we have Ricci identity and Bianchi identity [14] on this
geometry structure as follows
Ra[ρµν] +∇[ρT aµν] = T aσ[ρTσµν], (21a)
∇[ρRa|b|µν] = Rabσ[ρTσµν], (21b)
∂[µFνρ]ij = A[µ|ik|Fνρ]kj − F[µν|ik|Aρ]kj . (21c)
For gravity, Einstein-Hilbert action be showed as fol-
lows
S =
∫
Rω. (22)
Where R is Ricci scalar curvature, ω =
√−gdx0 ∧ dx1 ∧
dx2 ∧ dx3 is volume form. And in this geometry frame-
work, the equation can be derived as follows
3∇[µ∇ν]l = i
2
(
u¯iγ
aukFµνkj + F
∗
µνkiu¯kγ
auj + u¯iγ
bujR
a
bµν
)
e†j ⊗ eiθa. (23)
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FIG. 1. Weight diagram of SU(4) adjoint representation and
corresponding gauge bosons.
Define ∇2 = ∇[µ∇ν]dxµ ∧ dxν , the equation might de-
scribe gravity is constructed
tr∇2l2 = 0. (24)
This equation (24) is obviously U(4) gauge invariant, lo-
cally O(4) invariant and generally covariant. The explicit
formula of equation (24) is
R =
1
2
Fabij u¯jγ
aγ0γbui. (25)
Here ∂µdx
ν ⊗ dxρ∂σ = δνµδρσ, dxµ ⊗ dxν∂ρ∂σ = δνρδµσ are
used and Fab = Fµνθ
µ
aθ
ν
b . It is easy to prove each term
in (25) is Hermite. So we define a Hermite Lagrangian
Lg = Ru¯iγ0ui − 2Fabij u¯jγaγ0γbui. (26)
The Ru¯iγ
0ui is Einstein-Hilbert action. This Lagrangian
can derive (25) and Einstein equation.
PARTICLES SPECTRUM
Aµ are U(4) gauge fields and can be expanded by gen-
erators of U(4) be showed on appendix.
Aµ = iA
α
µT α. (27)
Only traceless SU(4) generators being discussed below
then α = 1, 2, · · · 15. Gauge field transform as adjoint
representation according to (18). SU(4) being decom-
posed as follow according to the weight diagram [15]
Fig. 1.
SU(4) = SU(3)⊕ U(1) + UX + UX . (28)
TABLE I. Gauge bosons and corresponding SU(4) generators.
SU(4)
SU(3) UX UX U(1)
8 3 3¯ 1
gluon X X γ
T β T γ T τ T 15
The correspondence between SU(4) generators and gauge
bosons is showed in Table I. They are T β correspond with
8 gluons, T γ (T τ ) correspond with 3 new particles X (X
), T 15 correspond with photon.
Electrodynamics and Chromodynamics theory appear in
U(1) part and SU(3) part of this geometry framework in
flat space-time naturally. For weak interaction, the gauge
bosons, W± and Z, are color-singlet is required; the only
material leftover to construct W± and Z are AγµT γ and
AτµT τ ; Fµν = 0 is most simple and reasonable setting
here for free Z boson, particle and antiparticle need to
be seen for W± bosons. Under those 3 restrictions, the
simplest representation of W± and Z are (3±3¯)3 and 3⊗
3¯ and the explicit formalism of W± and Z are exhibited
as follows
W±µ =
1
3!
 νρσµ Aν9Aρ11Aσ13T ±[9 ⊗ T ±11 ⊗ T ±13], (29a)
∂[µZν] = AµγAν(γ+1)T [γ ⊗ T γ+1]. (29b)
Where T ±γ = T γ ± iT γ+1 and A9µA10ν = A11µ A12ν =
A13µ A
14
ν in (29b). Here W
± and Z are composite particles
and have nonzero mass. So the weak bosons appearing
naturally on this geometry framework in flat space-time
also. Now, this geometry structure in flat space-time
leads to a SU(4) gauge theory and give unified frame-
work for Chromodynamics and Electroweak theory.
Fermionic fields u transform as U(4) fundamental rep-
resentation according to (18). So, fermions are filled into
SU(4) fundamental representation naturally as Table II.
They are fundamental representation 4 correspond to 3
colors and 1 lepton, fundamental representation 6 corre-
spond to 6 kind of quarks and leptons. In Table II, there
exist both left handed and right handed fermions for all
quarks and leptons. Especially, the existence of right
handed neutrinos is predicted. This is compatible with
experimental results [16] and the well know Seesaw mech-
anism. The representation 4 lead us reobtains “Lepton
number as the fourth color” [17] . The weight diagram
coordinates in Chevalley basis of representation 6 have
good correspondence with quarks quantum number [18]
4TABLE II. Fermions be filled into SU(4) fundamental repre-
sentation 4⊗ 6.
SU(4) 6
4
Quarks
R
G u c t d s b
B
Leptons e µ τ νe νµ ντ
TABLE III. Corresponding relations between Quarks quan-
tum number and weight diagram coordinates in Chevalley
basis of SU(4) representation 6.
2Iz S+C B+T H1 H2 H3
u 1 0 0 1 -1 1
d -1 0 0 -1 1 -1
c 0 1 0 1 0 -1
s 0 -1 0 -1 0 1
t 0 0 1 0 1 0
b 0 0 -1 0 -1 0
and we show it in Table III. Antifermions be filled into
6 ⊗ 4¯ similarly. 2Iz being used in Table III are not no
reasons as we have Gell-Mann-Nishijima formula [18]
Q = Iz +
B + S + C +B + T
2
.
DISCUSSION AND CONCLUSION
The correspondence between square root metric (ge-
ometry) and fundamental particles fields (physics) is
clear. Fermionic fields are originated from sections
of U(4)-bundle, gauge fields are connections of U(4)-
bundle, gravitational field is described by orthonormal
frame, scalar field is originated from gravitational field.
Fermionic fields transform as fundamental representation
and give quarks and leptons particles spectrum, gauge
fields transform as adjoint representation and give 8 glu-
ons, color-singlet composite particles W± and Z, 1 most
familiar particle γ. The interactions between those fields
are U(4) non-abelian gauge theory in curved space-time
and be described by Lagrangian L. Gravity is described
by Lagrangian Lg.
The new physics on this minimal unified field theory
are as follows. W± and Z are composite particles. Right
handed neutrinos are existing.
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Generators of U(4)
T 1 = 12

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0
 , T 2 = 12

0 −i 0 0
i 0 0 0
0 0 0 0
0 0 0 0
 ,
T 3 = 12

1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0
 , T 4 = 12

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0
 ,
T 5 = 12

0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0
 , T 6 = 12

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0
 ,
T 7 = 12

0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0
 , T 8 = √36

1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0
 ,
T 9 = 12

0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0
 , T 10 = 12

0 0 0 −i
0 0 0 0
0 0 0 0
i 0 0 0
 ,
T 11 = 12

0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0
 , T 12 = 12

0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0
 ,
T 13 = 12

0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0
 , T 14 = 12

0 0 0 0
0 0 0 0
0 0 0 −i
0 0 i 0
 ,
T 15 =
√
6
12

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3
 , T 0 = 12√2

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 .
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